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ABSTRACT

In this study, firstly we give the weighted curvatures of non-null planar curves in Lorentz-
Minkowski space with density eax

2+by2

and obtain the planar curves whose weighted curvatures
vanish in this space under the condition that the constants a and b are not zero at the same time.
After giving the Frenet vectors of the non-null planar curves with zero weighted curvature in
Lorentz-Minkowski space with density eax

2

, we create the Smarandache curves of them. With the
aid of these curves and their Smarandache curves, we get the ruled surfaces whose base curves
are non-null curves of which vanishing weighted curvature and ruling curves are Smarandache
curves of them. Followingly, we give some characterizations for these ruled surfaces by obtaining
the mean and Gaussian curvatures, distribution parameters and striction curves of them. Also,
rotational surfaces which are generated by non-null planar curves with zero weighted curvatures
in Lorentz-Minkowski space E3

1 with density eax
2+by2

are studied under the condition that the
constants a and b are not zero at the same time. We draw the graphics of the obtained surfaces.
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1. Introduction

Since the curvature of a curve and the mean curvature of an n-dimensional hypersurface are important
invariants for curves and surfaces, many authors have studied these notions for different types of curves and
surfaces for a long time in different spaces, such as Euclidean, Minkowski, Galilean and pseudo-Galilean spaces
([2], [4], [9], [11], [14], [15], [19], [21] and etc.).

Here, we will study the planar curves, ruled surfaces and rotational surfaces in Lorentz-Minkowski space
L3. So, let us recall some basic notions about them in this space.

Let L3 be the Lorentz-Minkowski 3-space endowed by Minkowski metric g given by g(.,.) = −(dx0)2 +
(dx1)2 + (dx2)2, where (x0, x1, x2) are the canonical coordinates. Here, a vector field X in L3 is called spacelike,
timelike and lightlike(null) if g(X,X) > 0 orX = 0, g(X,X) < 0 and g(X,X) = 0,X 6= 0, respectively. The pseudo-
norm of a vector field X is defined by ‖X‖ =

√
|g(X,X)|.

In L3, a curve α = α(u) is spacelike, timelike or lightlike(null) if the velocity vector α′(u) is spacelike, timelike
or lightlike(null) for all u ∈ I , where I is an open interval in R and α is a unit speed curve if ‖α′‖ = 1.

Also, the Smarandache curves which play an important role in Smarandache geometry have been obtained
with the aid of the Frenet frame of a curve. If we denote TN−Smarandache curve as βTN , TB−Smarandache
curve as βTB , NB−Smarandache curve as βNB and TNB−Smarandache curve as βTNB of a curve, then they
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are given by

βTN (u) =
T (u) +N(u)

‖T (u) +N(u)‖
, βTB(u) =

T (u) +B(u)

‖T (u) +B(u)‖
,

βNB(u) =
N(u) +B(u)

‖N(u) +B(u)‖
and βTNB(u) =

T (u) +N(u) +B(u)

‖T (u) +N(u) +B(u)‖
,

respectively. More information about Smarandache curves can be found in [1], [3], [25], [27] and etc.
On the other hand, the coefficients of the first and the second fundamental forms of a local parametrization

of a spacelike or timelike surface

Γ : U ⊂ R2 −→ L3

(u, v) −→ Γ(u, v), (1.1)

are
E = g(Γu,Γu), F = g(Γu,Γv), G = g(Γv,Γv) (1.2)

and
L = g(N ,Γu u), M = g(N ,Γu v), N = g(N ,Γvv), (1.3)

respectively. Here, N is the unit normal vector field of the surface given by

N =
Γu × Γv

‖Γu × Γv‖
(1.4)

and if we denote Ω = EG− F 2, then the surface is spacelike when Ω > 0 and it is timelike when Ω < 0. Now,
g(N ,N ) = ε and

‖Γu × Γv‖ =
√
−ε(EG− F 2) =

√
−εΩ. (1.5)

Also, the mean curvature and Gaussian curvature of a surface are given by

H = ε
GL− 2FM + EN

2(EG− F 2)
and K = ε

LN −M2

EG− F 2
, (1.6)

respectively (for detail, see [21]).
Furthermore, a ruled surface is a surface swept out by a straight line l moving along a curve α(u).
The various positions of the generating line l are called the rulings of the surface. This surface has a

parametrization of
ϕ(u, v) = α(u) + vX(u), u, v ∈ I ⊂ R, (1.7)

where α(u) is called the base curve and X(u) is called the director vector of l. If the tangent plane is constant
along a fixed ruling, then the ruled surface is called a developable surface. All other ruled surfaces are called
skew surfaces. Also, we know that, a ruled surface is developable if and only if c = 0 or K = 0, where T is the
tangent vector of the base curve α, c = −det(T,X,DTX) and K is Gaussian curvature of ruled surface.

The striction curve and distribution parameter of a ruled surface are

γ(u) = α(u)− g(α′(u), X ′(u))

‖X ′(u)‖2
X(u) (1.8)

and
δ =

det[α′(u), X(u), X ′(u)]

‖X ′(u)‖2
, (1.9)

respectively.
If g(X ′(u), X ′(u)) = 0, then the ruled surface is a cylinder. The striction curve of the ruled surface, which is

the cylinder, is γ(u) = α(u). For more details about ruled surfaces, we refer to [16], [26] and etc.
Moreover, a rotational surface in Lorentz-Minkowski space is generated by rotating of an arbitrary curve

about an arbitrary axis. In this sense, the rotation matrices about the timelike axis x1 = (1, 0, 0), spacelike axes
x2 = (0, 1, 0) and x3 = (0, 0, 1) and lightlike line of plane (x1ox2) spanned by the vector (1, 1, 0) are 1 0 0

0 cos v − sin v
0 sin v cos v

 ,

 cosh v 0 sinh v
0 1 0

sinh v 0 cosh v

 ,

 cosh v sinh v 0
sinh v cosh v 0

0 0 1

 (1.10)
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and  1 + v2

2 −v2

2 v
v2

2 1− v2

2 v
v −v 1

 , (1.11)

respectively.
On the other hand, if H is the mean curvature and η is the normal vector field of an n-dimensional

hypersurface; κ is the curvature and N is the normal vector of a curve, then the notions of weighted mean
curvature of an n-dimensional hypersurface and weighted curvature of a curve on manifolds with density eϕ
have been introduced as

Hϕ = H − 1

n− 1

dϕ

dη
and κϕ = κ− dϕ

dN
, (1.12)

respectively [17]. According to these definitions, some characterizations of weighted curves and surfaces in
Euclidean, Minkowski and Galilean spaces with different densities have been studied by geometers, physicists
and etc. (see [5]-[8], [10], [12], [18], [20], [22]-[24], [28]-[30] and etc.).

In the present paper, we will study the curves and surfaces in Lorentz-Minkowski space L3 with density
eax

2+by2

and from now on, we will state the L3 with density eax
2+by2

as (L3, ax2 + by2).

2. Non-Null Curves with Zero Weighted Curvature in (L3, ax2 + by2)

In this section, we give the weighted curvatures of spacelike and timelike planar curves in (L3, ax2 + by2)
and obtain the curves whose weighted curvatures are zero in (L3, ax2 + by2) according to the cases of constants
a and b.

2.1. Spacelike Curves with Zero Weighted Curvature in (L3, ax2 + by2)

Let us suppose that α is a spacelike curve in Lorentz-Minkowski space L3.
One can easily see that, the Frenet vectors and curvature of a spacelike planar curve α(u) = (x(u), y(u), 0) in

the (xoy)-plane are

T =
1√

y′(u)2 − x′(u)2
(x′(u), y′(u), 0),

N =
1√

y′(u)2 − x′(u)2
(−y′(u),−x′(u), 0), (2.1)

B = (0, 0, 1),

κ =
x′′(u)y′(u)− x′(u)y′′(u)

(y′(u)2 − x′(u)2)
3/2

.

Using (2.1) in (1.12), the weighted curvature κϕ(u) of the spacelike planar curve α(u) = (x(u), y(u), 0) in
(L3, ax2 + by2) is obtained as

κϕ(u) =
x′′(u)y′(u)− x′(u)y′′(u)− (y′(u)2 − x′(u)2)(2ax(u)y′(u)− 2by(u)x′(u))

(y′(u)2 − x′(u)2)
3/2

. (2.2)

Hence, we have

Proposition 2.1. The weighted curvature κϕ(u) of a spacelike planar curve α(u) = (x(u), y(u), 0) in (L3, ax2 + by2) is
zero iff

x′(u)y′′(u) + 2ax(u)y′(u)(y′(u)2 − x′(u)2) = x′′(u)y′(u) + 2by(u)x′(u)(y′(u)2 − x′(u)2).

Now, we will investigate the weighted curvature κϕ(u) of a spacelike planar curve α(u) in (L3, ax2 + by2) for
different values of not all zero constants a and b.

Firstly, let us assume that a 6= 0, b = 0.
In this case, from (2.2) we have

κϕ(u) =
x′′(u)y′(u)− x′(u)y′′(u)− 2ax(u)y′(u)(y′(u)2 − x′(u)2)

(y′(u)2 − x′(u)2)
3/2

.

13 www.iejgeo.com

http://www.iej.geo.com


Surfaces Gen. by Non-Null Curves with Zero Weighted Curvature in (L3, ax2 + by2)

So,

Proposition 2.2. The weighted curvature κϕ(u) of a spacelike planar curve α(u) = (x(u), y(u), 0) in (L3, ax2) is zero
iff

x′(u)y′′(u) + 2ax(u)y′(u)(y′(u)2 − x′(u)2) = x′′(u)y′(u). (2.3)

Here, if x′(u) = 0, then from (2.3), we have y′(u) = 0 or x(u) = 0.
If x′(u) 6= 0, then

y(u) = c2 ±
u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt

is a solution for the equation (2.3), where c1, c2 ∈ R, c1 < 0 and e2ax(u) + c1 > 0. Thus, we have

Theorem 2.1. The spacelike planar curve with zero weighted curvature in (L3, ax2) can be parametrized by

α1(u) = (0, y(u), 0)

or

α2(u) =

x(u), c2 ±
u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt, 0

 , (2.4)

where c1, c2 ∈ R, c1 < 0 and e2ax(u) + c1 > 0.

Now, after giving the Frenet vectors of the spacelike curve (2.4) (taking "±" in (2.4) as "+") with zero weighted
curvature in (L3, ax2), we will create the Smarandache curves of it. The Frenet vectors of the spacelike curve
(2.4) are given by

T =

(√
e2ax2(u) + c1√
−c1

,
eax

2(u)

√
−c1

, 0

)
,

N =

(
−eax2(u)

√
−c1

,
−
√
e2ax2(u) + c1√
−c1

, 0

)
, (2.5)

B = (0, 0, 1),

where c1 < 0 and e2ax
2(u) + c1 > 0. From (2.5), we have ‖T +N‖ = ‖N +B‖ = 0 and so we consider only the

TB and TNB Smarandache curves of the spacelike curve (2.4). From (2.5), the TB Smarandache curve S1TB

and the TNB Smarandache curve S1TNB of the spacelike curve (2.4) with zero weighted curvature in (L3, ax2)
are obtained as

S1TB(u) =

(√
e2ax2(u) + c1√
−2c1

,
eax

2(u)

√
−2c1

,
1√
2

)
(2.6)

and

S1TNB(u) =

(√
e2ax2(u) + c1 − eax

2(u)

√
−c1

,
eax

2(u) −
√
e2ax2(u) + c1√
−c1

, 1

)
, (2.7)

respectively.
Now, if b 6= 0, a = 0, then from (2.2), the weighted curvature κϕ(u) of a spacelike planar curve α(u) =

(x(u), y(u), 0) in (L3, by2) is

κϕ(u) =
x′′(u)y′(u)− x′(u)y′′(u) + 2by(u)x′(u)(y′(u)2 − x′(u)2)

(y′(u)2 − x′(u)2)
3/2

.

So,

Proposition 2.3. The weighted curvature κϕ(u) of a spacelike planar curve α(u) = (x(u), y(u), 0) in (L3, by2) is zero iff

x′(u)y′′(u) = x′′(u)y′(u) + 2by(u)x′(u)(y′(u)2 − x′(u)2). (2.8)
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If x′(u) = 0, then from (2.8), we have

α(u) = (c3, y(u), 0), c3 ∈ R.

If x′(u) 6= 0, again from (2.8), we get

α(u) =

c4 ± u∫
1

y′(t)√
c5e2by

2(t) + 1
dt, y(u), 0

 ,

where c4, c5 ∈ R and c5 > 0. So, we obtain

Theorem 2.2. The spacelike planar curve with zero weighted curvature in (L3, by2) can be parametrized by

α3(u) = (c3, y(u), 0)

or

α4(u) =

c4 ± u∫
1

y′(t)√
c5e2by

2(t) + 1
dt, y(u), 0

 , (2.9)

where c3, c4, c5 ∈ R and c5 > 0.

2.2. Timelike Curves with Zero Weighted Curvature in (L3, ax2 + by2)

Let α be a timelike planar curve in Lorentz-Minkowski space.
Now, the Frenet vectors and curvature of a timelike planar curve α(u) = (x(u), y(u), 0) in the (xoy)-plane are

T =
1√

x′(u)2 − y′(u)2
(x′(u), y′(u), 0),

N =
1√

x′(u)2 − y′(u)2
(y′(u), x′(u), 0), (2.10)

B = (0, 0, 1),

κ =
x′(u)y′′(u)− x′′(u)y′(u)

(x′(u)2 − y′(u)2)
3/2

.

If we use (2.10) in (1.12), then the weighted curvature κϕ(u) of a timelike planar curve α(u) = (x(u), y(u), 0) in
(L3, ax2 + by2) is

κϕ =
x′(u)y′′(u)− x′′(u)y′(u)− (x′(u)2 − y′(u)2)(−2ax(u)y′(u) + 2by(u)x′(u))

(x′(u)2 − y′(u)2)
3/2

. (2.11)

By using the same procedure in the above subsection, we obtain

Theorem 2.3. The timelike planar curve with zero weighted curvature in (L3, ax2) and (L3, by2) can be parametrized
by

α5(u) = (x(u), c6, 0),

α6(u) =

x(u), c7 ±
u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt, 0

 (2.12)

and

α7(u) = (x(u), 0, 0) ,

α8(u) =

c9 ± u∫
1

eby
2(t)y′(t)√

e2by2(t) + c10
dt, y(u), 0

 , (2.13)

respectively, where c7, c8, c9, c10 ∈ R, c8 > 0, c10 < 0 and e2by
2(u) + c10 > 0.
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Now, after giving the Frenet vectors of the timelike curve (2.12) (taking "±" in (2.12) as "+") with zero
weighted curvature in (L3, ax2), we will create its Smarandache curves. The Frenet vectors of the timelike
curve (2.12) are given by

T =

(√
c8e2ax

2(u) + 1√
c8e2ax

2(u)
,

1√
c8e2ax

2(u)
, 0

)
,

N =

(
1√

c8e2ax
2(u)

,

√
c8e2ax

2(u) + 1√
c8e2ax

2(u)
, 0

)
, (2.14)

B = (0, 0, 1),

where c8 > 0. From (2.14), we have ‖T +N‖ = ‖T +B‖ = 0 and so we consider only the NB and TNB
Smarandache curves of the timelike curve (2.12). From (2.14), the NB Smarandache curve S2NB and the TNB
Smarandache curve S2TNB of the timelike curve (2.12) with zero weighted curvature in (L3, ax2) are obtained
as follows

S2NB(u) =

(
1√

c8e2ax
2(u)

,

√
c8e2ax

2(u) + 1√
c8e2ax

2(u)
,

1√
2

)
(2.15)

and

S2TNB(u) =

(
1 +

√
c8e2ax

2(u) + 1√
c8e2ax

2(u)
,

1 +
√
c8e2ax

2(u) + 1√
c8e2ax

2(u)
, 1

)
, (2.16)

respectively.
Figure 1 (a) shows the curve (2.4) for x(u) =

√
ln(u2), c1 = −0.1, c2 = 4, a = 1 and Figure 1 (b) shows the

curve (2.12) for y(u) =
√

ln(u), c7 = 4 and c8 = a = 1.

(a) Curve (2.4) (b) Curve (2.12)

Figure 1

3. Ruled Surfaces Generated by Non-Null Curves with Vanishing Weighted Curvature in
(L3, ax2 + by2)

In this section, we obtain the ruled surfaces generated by spacelike and timelike curves with vanishing
weighted curvatures in (L3, ax2) and (L3, by2). We get the mean and Gaussian curvatures of these surfaces,
give some characterizations for them and draw the graphics of these surfaces.
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3.1. Ruled Surfaces whose Base Curves are (2.4) and Ruling Curves are Smarandache Curves of (2.4)

In this subsection, firstly we obtain the ruled surfaces generated by spacelike planar curve (2.4) with
zero weighted curvature in (L3, ax2) and its Smarandache curves (2.6) and (2.7). Then, we give some
characterizations for these ruled surfaces by obtaining the mean and Gaussian curvatures, distribution
parameter and striction curve of them. Finally, we draw the graphics of these surfaces.

Throughout this subsection, the base curves of the ruled surfaces will be taken as the curve (2.4).
First, let the ruling curve of the ruled surface be the TB-Smarandache curve S1TB(u) of the curve (2.4). Thus,

from (1.7), (2.4) and (2.6), the ruled surface ϕ1TB(u, v) in Lorentz-Minkowski space can be parametrized by

ϕ1TB(u, v) = α2(u) + vS1TB(u) (3.1)

= (x(u) +
v
√
e2ax2(u) + c1√
−2c1

, c2 +

u∫
1

eax
2(t)x′(t)√

e2ax2(t) + c1
dt+

veax
2(u)

√
−2c1

,
v√
2

).

where c1 < 0, e2ax
2(t) + c1 > 0 and e2ax

2(u) + c1 > 0.

The normal vector of this surface is

N1TB(u, v) =
1√

4a2v2x2(u)e2ax2(u) + c1
(
−eax2(u)(

√
−c1 +

√
2avx(u)

√
e2ax2(u) + c1)√

−c1
,

−
√
−c1

√
e2ax2(u) + c1 +

√
2avx(u)e2ax

2(u)

√
−c1

,

√
2avx(u)eax

2(u)). (3.2)

From (3.2), we have g(N1TB , N1TB) = ε = 1 and so, the surface is timelike.
Thus, the Gaussian and mean curvatures of (3.1) are obtained by

K = − 4c1a
2x2(u)e2ax

2(u)(
c1 + 4a2x2(u)v2e2ax2(u)

)2 (3.3)

and

H =
−
√
−2c1a

√
e2ax2(u) + c1ve

ax2(u)(1 + 2ax2(u)) + 4a3x3(u)v2e3ax
2(u)

2
(
c1 + 4a2x2(u)v2e2ax2(u)

)3/2 , (3.4)

respectively.

Theorem 3.1. The ruled surface (3.1) generated by spacelike planar curve (2.4) with zero weighted curvature in (L3, ax2)
is not flat and minimal. But the mean curvature of (3.1) vanishes for v = 0.

Also from (1.9), the distribution parameter of ϕ1TB(u, v) is

δ1TB =
2e2ax

2(u) + c1

2
√
−c1ax(u)eax2(u)

√(
c2 +

u∫
1

eax2(t)x′(t)√
e2ax2(t)+c1

dt

)2

− x2(u)

. (3.5)

So, we have

Theorem 3.2. The ruled surface (3.1) generated by spacelike planar curve (2.4) with zero weighted curvature in (L3, ax2)
is not developable.

From (1.8), the parametrization of the striction curve γ1TB(u) on ϕ1TB(u, v) is

γ1TB(u) = α2(u). (3.6)

Thus,
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Theorem 3.3. The base curve and the striction curve of (3.1) generated by spacelike planar curve (2.4) with zero weighted
curvature in (L3, ax2) coincide.

Figure 2 shows the ruled surface (3.1) for x(u) =
√
ln(u), c1 = −0.1, c2 = 4 and a = 1.

Figure 2

Now, let the ruling curve of the ruled surface be the TNB-Smarandache curve S1TNB(u) of the curve (2.4).
Then from (1.7), (2.4) and (2.7), the ruled surface ϕ1TNB(u, v) in Lorentz-Minkowski space can be parametrized
by

ϕ1TNB(u, v) = α2(u) + vS1TNB(u) (3.7)

= (x(u) +
v
(√

e2ax2(u) + c1 − eax
2(u)
)

√
−c1

,

c2 +

u∫
1

eax
2(t)x′(t)√

e2ax2(t) + c1
dt+

v
(
eax

2(u) −
√
e2ax2(u) + c1

)
√
−c1

, v).

where c1 < 0, e2ax
2(t) + c1 > 0 and e2ax

2(u) + c1 > 0.
The normal vector of this surface is

N1TNB = (
−avx(u)e2ax

2(u)(
√
−c1 + 2avx(u)(

√
e2ax2(u) + c1 − eax

2(u)))

2
(√
−c1avx(u)eax2(u)

)3/2 , (3.8)

2avx(u)eax
2(u)(

√
e2ax2(u) + c1 − eax

2(u))−
√
−c1

√
e2ax2(u) + c1√

2
√
−c1

√√
−c1avx(u)eax(u)

,

√
−c1

2
√√
−c1ax(u)veax2(u)

).

From (3.8), we have g(N1TNB , N1TNB) = ε = 1; that is, the surface is timelike.
So, the Gaussian and mean curvatures of (3.7) are obtained by

K =
1

4v2
(3.9)

and

H = −
aeax

2(u)
(√
−c1v

√
e2ax2(u) + c1 + c1x(u) + 2

√
−c1ax2(u)v

(√
e2ax2(u) + c1 − 2eax

2(u)
))

8
(√
−c1avx(u)eax2(u)

) , (3.10)

respectively. Hence,
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Theorem 3.4. The ruled surface (3.7) generated by spacelike planar curve (2.4) with zero weighted curvature in (L3, ax2)
is not flat and minimal.

Since g(S′1TNB(u), S′1TNB(u)) = 0, the ruled surface ϕ1TNB(u, v) in Lorentz-Minkowski space is cylinder.
From (1.8), the parametrization of the striction curve γ1TNB(u) on ϕ1TNB(u, v) is

γ1TNB(u) = α2(u). (3.11)

Theorem 3.5. The base curve and the striction curve of (3.7) generated by spacelike planar curve (2.4) with zero weighted
curvature in (L3, ax2) coincide.

Figure 3 shows the ruled surface (3.7) for x(u) =
√
ln(u), c1 = −0.1, c2 = 4 and a = 1.

Figure 3

One can obtain the similar results for ruled surfaces whose base curves are timelike planar curve (2.13) with
zero weighted curvature in (L3, by2) and ruling curves are Smarandache curves of (2.13).

3.2. Ruled Surfaces whose Base Curves are (2.12) and Ruling Curves are Smarandache Curves of (2.12)

In this subsection, firstly we obtain the ruled surfaces generated by timelike planar curve (2.12) with
zero weighted curvature in (L3, ax2) and its Smarandache curves (2.15) and (2.16). Then, we give some
characterizations for these ruled surfaces by obtaining the mean and Gaussian curvatures, distribution
parameter and striction curve of them. Finally, we draw the graphics of these surfaces.

Throughout this subsection, the base curves of the ruled surfaces will be taken as the curve (2.12).
First, let the ruling curve of the ruled surface be the NB-Smarandache curve S2NB(u) of the curve

(2.12). Then, from (1.7), (2.12) and (2.15), the ruled surface ϕ2NB(u, v) in Lorentz-Minkowski space can be
parametrized by

ϕ2NB(u, v) = α6(u) + vS2NB(u) (3.12)

= (x(u) +
v√

2c8e2ax
2(u)

,

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt+

v
√
c8e2ax

2(u) + 1√
2c8e2ax

2(u)
,
v√
2

),

where c8 > 0.

The normal vector of (3.12) is

N2NB =

(
1√

2c8e2ax
2(u)

,

√
c8e2ax

2(u) + 1√
2c8e2ax

2(u)
,

1√
2

)
. (3.13)
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From (3.13), we have g(N2NB ,N2NB) = ε = 1 and so, the surface is timelike.
Thus, the Gaussian and mean curvatures of this surface are obtained as

K = 0 (3.14)

and

H =
−ax(u)√

2
(
c8e2ax

2(u) − 2avx(u)
√

2c8e2ax
2(u) + 2(avx(u))2

) , (3.15)

respectively.

Theorem 3.6. The ruled surface (3.12) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is flat and not minimal. But the mean curvature of the ruled surface (3.12) vanishes for x(u) = 0.

From (3.14), we have

Theorem 3.7. The ruled surface (3.12) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is developable.

From (1.8), the parametrization of the striction curve γ2NB(u) on ϕ2NB(u, v) is

γ2NB(u) =

α6(u) +

√
c8e2ax

2(u)

√
2ax(u)

√(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

)2

− x2(u)

S2NB(u). (3.16)

Thus,

Theorem 3.8. The base curve and the striction curve of (3.12) generated by timelike planar curve (2.12) with zero
weighted curvature in (L3, ax2) never coincide.

Figure 4 shows the ruled surface (3.12) for x(u) =
√
ln(u), c7 = c8 = 4 and a = 1.

Figure 4

Now, let the ruling curve of the ruled surface be the TNB-Smarandache curve S2TNB(u) of the curve
(2.12). Then from (1.7), (2.12) and (2.16), the ruled surface ϕ2TNB(u, v) in Lorentz-Minkowski space can be
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parametrized by

ϕ2TNB(u, v) = α6(u) + vS2TNB(u) (3.17)

= (x(u) +
v
(√

c8e2ax
2(u) + 1 + 1

)
√
c8e2ax

2(u)
,

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt+

v
(√

c8e2ax
2(u) + 1 + 1

)
√
c8e2ax

2(u)
, v).

The normal vector of this surface is

N2TNB = (
2avx(u)(1 +

√
c8e2ax

2(u) + 1)−
√
c8e2ax

2(u)√
2c8e2ax

2(u)
(
c8e2ax

2(u) − 2avx(u)
√
c8e2ax

2(u)
) ,

2avx(u)(1 +
√
c8e2ax

2(u))−
√

(c8e2ax
2(u) + 1)c8e2ax

2(u)√
2c8e2ax

2(u)
(
c8e2ax

2(u) − 2avx(u)
√
c8e2ax

2(u)
) ,

√
c8e2ax

2(u)√
2
(
c8e2ax

2(u) − 2avx(u)
√
c8e2ax

2(u)
) ). (3.18)

From (3.18), we have g(N2TNB ,N2TNB) = ε = 1; that is, the surface is timelike.
So, the Gaussian and mean curvatures of this surface are obtained as

K =
(ax(u))

2

c8e2ax
2(u) − 4avx(u)

√
c8e2ax

2(u) + (2avx(u))2
(3.19)

and

H =
2avx2(u)(2 +

√
c8e2ax

2(u) + 1)− v
√
c8e2ax

2(u) + 1− 3x(u)
√
c8e2ax

2(u)

2(
√
c8e2ax

2(u) − 2avx(u))

√
2
(
c8e2ax

2(u) − 2avx(u)
√
c8e2ax

2(u)
) , (3.20)

respectively. Hence,

Theorem 3.9. The ruled surface (3.17) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not flat and minimal.

Since g(S′2TNB(u), S′2TNB(u)) = 0, the ruled surface ϕ2TNB(u, v) in Lorentz-Minkowski space is cylinder.
From (1.8), the parametrization of the striction curve γ2TNB(u) on ϕ2TNB(u, v) is

γ2TNB(u) = α6(u). (3.21)

Theorem 3.10. The base curve and the striction curve of (3.17) generated by timelike planar curve (2.12) with zero
weighted curvature in (L3, ax2) coincide.

Figure 5 shows the ruled surface (3.17) for x(u) =
√
ln(u), c7 = c8 = 4 and a = 1.
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Figure 5

Similar characterizations for ruled surfaces whose base curves are spacelike planar curve (2.9) with zero
weighted curvature in (L3, by2) and ruling curves are Smarandache curves of (2.9) can be obtained.

4. Rotational Surfaces Generated by Non-Null Curves with Zero Weighted Curvature in
(L3, ax2 + by2)

In this section, we obtain the rotational surfaces generated by spacelike and timelike curves with zero
weighted curvature in (L3, ax2) and (L3, by2). We get the mean and Gaussian curvatures of these surfaces,
give some characterizations for them and draw the graphics of these surfaces. We note that, throughout this
section, we are going to take the signs of "±" which have been stated in the curves (2.4) and (2.12) as "+".

Firstly, let us suppose that the spacelike curve (2.4) generates the rotational surfaces.
If the axis of rotation is spacelike, then from (1.10) and (2.4), the rotational surface in L3 can be parametrized

by

X(u, v) =

x(u) cosh(v), c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt, x(u) sinh(v)

 . (4.1)

The normal vector of (4.1) is

N = − 1√
−c1

(
eax

2(u) cosh(v),
√
e2ax2(u) + c1, e

ax2(u) sinh(v)
)
. (4.2)

Here, g(N ,N ) = ε = −1 and so (4.1) is a spacelike surface.
Thus, the Gaussian and mean curvatures of (4.1) are obtained as

K =
2ae2ax

2(u)

c1
(4.3)

and

H =
−eax2(u)(2ax2(u) + 1)

2
√
−c1x(u)

, (4.4)

respectively. Hence,

Theorem 4.1. The rotational surface (4.1) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.1) is positive and negative, if a < 0
and a > 0, respectively.

Theorem 4.2. The rotational surface (4.1) generated by spacelike planar curve (2.4) with zero weighted curvature in

(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.1) vanishes only for x(u) = ∓
√
−1
2a .
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We know that, a surface is called a Weingarten surface, if there is a nontrivial relation Φ(H,K) = 0, where H
is the mean curvature and K is the Gaussian curvature of surface [13]. Hence, from (4.3) and (4.4) we have

Theorem 4.3. The rotational surface (4.1) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is a Weingarten surface with the relation

H2 =
K
(
1 + ln( c1K

2a )
)2

4 ln( c1K
2a )

. (4.5)

Figure 6 shows the rotational surface (4.1) for x(u) =
√

ln(u), c1 = −0.1, c2 = 4 and a = 1.

Figure 6

Now, we assume that the axis of rotation is timelike. From (1.10) and (2.4), the rotational surface in L3 can be
parametrized by

X(u, v) =

x(u),

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt

 cos v,

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt

 sin v

 (4.6)

The normal vector of (4.6) is

N = − 1√
−c1

(
eax

2(u),
√
e2ax2(u) + c1 cos(v),

√
e2ax2(u) + c1 sin(v)

)
. (4.7)

Thus, we have g(N ,N ) = ε = −1 and so, the surface is spacelike.
Here, the Gaussian and mean curvatures of (4.6) are obtained as

K =
2ax(u)eax

2(u)
√
e2ax2(u) + c1

c1

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

) (4.8)

and

H = −


√
e2ax2(u) + c1 + 2ax(u)eax

2(u)

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

)
2
√
−c1

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

)
 , (4.9)

respectively.

Theorem 4.4. The rotational surface (4.6) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.6) is positive and negative, if

ax(u)

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt

 < 0 and ax(u)

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt

 > 0,

respectively.
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Theorem 4.5. The rotational surface (4.6) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.6) vanishes only for

1 =
−
√
e2ax2(u) + c1

2ax(u)eax2(u)

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

) .
Figure 7 shows the rotational surface (4.6) for x(u) =

√
ln(u), c1 = −0.1, c2 = 4 and a = 1.

Figure 7

Finally, we assume that the axis of rotation is lightlike. From (1.11) and (2.4), the rotational surface in L3 can
be parametrized by

X(u, v) = (
(

1 + v2

2

)
x(u)− v2

2

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

)
,

v2

2 x(u) +
(

1− v2

2

)(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

)
,

v

(
x(u)−

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

))
).

(4.10)

The normal vector of (4.10) is

N = − 1

2
√
−c1

( √
e2ax2(u) + c1v

2 − eax2(u)(2 + v2),
√
e2ax2(u) + c1(v2 − 2)− eax2(u)v2,

2(
√
e2ax2(u) + c1 − eax

2(u))v

)
. (4.11)

From (4.11), we have g(N ,N ) = ε = −1; that is, the surface is spacelike.
So, the Gaussian and mean curvatures of (4.10) are obtained as

K =
2ax(u)eax

2(u)
(√

e2ax2(u) + c1 − eax
2(u)
)

c1

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt− x(u)

) (4.12)

and

H =


√
e2ax2(u) + c1 − eax

2(u) + 2ax(u)eax
2(u)

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt

)
− 2ax2(u)eax

2(u)

2
√
−c1

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt− x(u)

)
 , (4.13)

respectively.
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Theorem 4.6. The rotational surface (4.10) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.10) is positive and negative, if

ax(u)

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt− x(u)

 > 0 and ax(u)

c2 +

u∫
1

x′(t)eax
2(t)√

e2ax2(t) + c1
dt− x(u)

 < 0,

respectively.

Theorem 4.7. The rotational surface (4.10) generated by spacelike planar curve (2.4) with zero weighted curvature in
(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.10) vanishes only for

1 =
eax

2(u) −
√
e2ax2(u) + c1

2ax(u)eax2(u)

(
c2 +

u∫
1

x′(t)eax2(t)√
e2ax2(t)+c1

dt− x(u)

) .
In Figure 8, one can see the rotational surface (4.10) for x(u) =

√
ln(u), c2 = 4, c1 = −0.1 and a = 1.

Figure 8

Now, if we suppose that the timelike planar curve (2.13) with zero weighted curvature in (L3, by2) generates
the rotational surfaces, then the results can be obtained with the same procedure as above.

Secondly, let us suppose that the timelike curve (2.12) generates the rotational surfaces.
If the axis of rotation is spacelike, then from (1.10) and (2.12), the rotational surface in L3 can be parametrized

by

X(u, v) =

x(u) cosh(v), c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt, x(u) sinh(v)

 . (4.14)

The normal vector of (4.14) is

N = − 1√
c8e2ax

2(u)

(
cosh(v),

√
c8e2ax

2(u) + 1, sinh(v)
)
. (4.15)

Here, g(N ,N ) = ε = 1 and so (4.14) is a timelike surface.
Thus, the Gaussian and mean curvatures of (4.14) are obtained as

K =
−2a

c8e2ax
2(u)

(4.16)

and

H =
(1− 2ax2(u))

2x(u)
√
c8e2ax

2(u)
, (4.17)

respectively. Hence,
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Theorem 4.8. The rotational surface (4.14) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.14) is positive and negative, if a < 0
and a > 0, respectively.

Theorem 4.9. The rotational surface (4.14) generated by timelike planar curve (2.12) with zero weighted curvature in

(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.14) vanishes only for x(u) = ∓
√

1
2a .

Also, from (4.16) and (4.17) we have

Theorem 4.10. The rotational surface (4.14) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is a Weingarten surface with the relation

H =
1− ln(−2ac8K

)

2

√
ln(−2a

c8K )

−K

. (4.18)

Figure 9 shows the rotational surface (4.14) for x(u) =
√

ln(u), c7 = 4 and c8 = a = 1.

Figure 9

Now, we assume that the axis of rotation is timelike. From (1.10) and (2.12), the rotational surface in L3 can
be parametrized by

X(u, v) =

x(u),

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt

 cos v,

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt

 sin v

 (4.19)

The normal vector of (4.19) is

N = − 1√
c8eax

2(u)

(
1,
√
c8eax

2(u) + 1 cos(v),
√
c8eax

2(u) + 1 sin(v)
)
. (4.20)

Thus, we have g(N ,N ) = ε = 1 and so, the surface is timelike.
Here, the Gaussian and mean curvatures of (4.19) are obtained as

K =
−2ax(u)

√
c8e2ax

2(u) + 1

c8e2ax
2(u)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

) (4.21)

and

H =

√
c8e2ax

2(u) + 1− 2ax(u)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

)
2
√
c8e2ax

2(t)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

) , (4.22)

respectively.
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Theorem 4.11. The rotational surface (4.19) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.19) is positive and negative, if

ax(u)

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt

 < 0 and ax(u)

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt

 > 0,

respectively.

Theorem 4.12. The rotational surface (4.19) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.19) vanishes only for

1 =

√
c8e2ax

2(u) + 1

2ax(u)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

) .
Figure 10 shows the rotational surface (4.19) for x(u) =

√
ln(u), c7 = 4 and c8 = a = 1.

Figure 10

Finally, we assume that the axis of rotation is lightlike. From (1.11) and (2.12), the rotational surface in L3 can
be parametrized by

X(u, v) = (
(

1 + v2

2

)
x(u)− v2

2

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

)
,

v2

2 x(u) +
(

1− v2

2

)(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

)
,

v

(
x(u)−

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

))
).

(4.23)

The normal vector of (4.23) is

N = − 1

2
√
c8e2ax

2(u)

(
(
√
c8e2ax

2(u) + 1− 1)v2 − 2,
√
c8e2ax

2(u) + 1(v2 − 2)− v2,
2v(
√
c8e2ax

2(u) + 1− 1)

)
. (4.24)

From (4.24), we have g(N ,N ) = ε = 1; that is, the surface is timelike.
So, the Gaussian and mean curvatures of (4.23) are obtained as

K =
−2ax(u)

(
√
c8e2ax

2(u) + 1 + 1)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt− x(u)

) (4.25)
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and

H = −


√
c8e2ax

2(u) + 1− 1− 2ax(u)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt

)
+ 2ax2(u)

2

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt− x(u)

)√
c8e2ax

2(u)

 , (4.26)

respectively.

Theorem 4.13. The rotational surface (4.23) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not flat. Furthermore, the Gaussian curvature of the rotational surface (4.23) is positive and negative, if

ax(u)

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt− x(u)

 < 0 and ax(u)

c7 +

u∫
1

x′(t)√
c8e2ax

2(t) + 1
dt− x(u)

 > 0,

respectively.

Theorem 4.14. The rotational surface (4.23) generated by timelike planar curve (2.12) with zero weighted curvature in
(L3, ax2) is not minimal but the mean curvature of the rotational surface (4.23) vanishes only for

1 =

√
c8e2ax

2(u) + 1− 1

2ax(u)

(
c7 +

u∫
1

x′(t)√
c8e2ax2(t)+1

dt− x(u)

) .
In Figure 11, one can see the rotational surface (4.23) for x(u) =

√
ln(u), c7 = 4 and c8 = a = 1.

Figure 11

Now, if we suppose that the spacelike planar curve (2.9) with zero weighted curvature in (L3, by2) generates
the rotational surfaces, then the results can be obtained with the same procedure as above.
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