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In the present work, we study and extend the notion of Wijsman _#-convergence and Wijsman _#*-convergence for the sequence
of closed sets in a more general setting, i.e., in the intuitionistic fuzzy metric spaces (briefly, IFMS). Furthermore, we also examine
the concept of Wijsman _#*-Cauchy and _j#-Cauchy sequence in the intuitionistic fuzzy metric space and observe some properties.

1. Introduction

In 1951, Fast [1] initiated the theory of statistical conver-
gence. It is an extremely effective tool to study the conver-
gence of numerical problems in sequence spaces by the idea
of density. Statistical convergence of the sequence of sets
was examined by Nuray and Rhoades [2]. Ulusu and Nuray
[3] studied the Wijsman lacunary statistical convergence
sequence of sets and connected with the Wijsman statistical
convergence. Esi et al. [4] introduced the Wijsman A-statis-
tical convergence of interval numbers. Kostyrko et al. [5]
generalized the statistical convergence and introduced the
notion of ideal _#-convergence. Salat et al. [6, 7] investigated
it from the sequence space viewpoint and associated with the
summability theory. Further, it was analyzed by Khan et al.
[8] with the help of a bounded operator. In 2008, Das et al.
[9] analyzed # and #*-convergence for double sequences.
Kisi and Nuray [10] initiated new convergence definitions
for the sequence of sets. Furthermore, Glimiig [11] studied
the Wijsman ideal convergent sequence of sets using the
Orlicz function.

In 1965, Zadeh [12] started the fuzzy sets theory. This
theory has proved its usefulness and ability to solve many
problems that classical logic was unable to handle. Karmosil
et al. [13] introduced the fuzzy metric space, which has the
most significant applications in quantum particle physics.

Afterward, numerous researchers have studied the concept
of fuzzy metric spaces in different ways. George et al. [14,
15] modified the notion of fuzzy metric space and deter-
mined a Hausdorft topology for fuzzy metric spaces. Atanas-
sov [16] generalized the fuzzy sets and introduced the notion
of intuitionistic fuzzy sets in 1986. Park [17] examined the
notion of IFMS, and Saadati and Park [18] further analyzed
the intuitionistic fuzzy topological spaces. Moreover, statisti-
cal convergence, ideal convergence, and different properties
of sequences in intuitionistic fuzzy normed spaces were
examined by Mursaleen et al. [19-21]. Also one can refer to
Sengiil and Et [22], Sengiil et al. [23], Et and Yilmazer [24],
Mohiuddine and Alamri [25], and Mohiuddine et al. [26, 27].

2. Preliminaries

We recall some concepts and results which are needed in
sequel.

Definition 1 [5]. A family of subsets ,# € 2N is known as an
ideal in a non-empty set N, if

(1) Ge g,
(2) forany €,9€ F=2CUDe 7,
(3) forany € fand DC 6, =D e 7.
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Remark 2 [5]. An ideal # is known as non-trivial if N ¢ #.
A nontrivial ideal # is known as admissible if {{n}: n € N}
ez

Definition 3 [5]. A nonempty subset # < 2N is known as filter
in IN if

(1) for every &¢ F,
(2) forevery 6,2 F=>6NDeF,

(3) for every € € F with € € 9, one obtain 9 € F.

Proposition 4 [5]. For every ideal 7, there is a filter F( %)
associated with § defined as follows:

F(F)={K<N:K=N\A4,forsomeAe 7}. (1)

Definition 5 [5]. Let {€,, €, -} be a mutually disjoint
sequence of sets of #. Then, there is sequence of sets {9,
D, -} so that U 9P € 7 and each symmetric difference
€;AP;(j=1,2,-) is finite. In this case, admissible ideal .#
is known as property (AP).

Lemma 6 [28]. Suppose F be an admissible ideal alongside
property (AP). Let a countable collection of subsets {&) };-,
of positive integer N in such a way that € € F( 7). Then,
there exists a set € C IN such that € \ €y is finite for all k €
N and € € F( 7).

Definition 7 [29]. Let (M, d) be a metric space and {%},} be a
sequence of nonempty closed subsets of .# which is said to be
Wijsman convergent to the closed € of /, if

klim d(x,€)) = d(x, €)forevery € M. (2)

In other words, W — klim C=%G.

In 2012, Nuray and Rhoades [2] initiated the theory of
Wijsman statistical convergence for a sequence of sets.
Furthermore, Kisi and Nuray [10] extended it into 7
-convergence.

Definition 8 [10]. Suppose (#, d) is a metric space. A non-

empty closed subset {&,} of # is known as Wijsman 7 -
convergent to a closed set G, if for every x € ., one has

{keN:|d(x,6,)-d(x,C)| =€} e 7. (3)
Hence, one writes 7y, — klim C,=6.

Definition 9 [10]. Suppose (.M, d) is a metric space. A non-
empty closed subset {6} of M is known as Wijsman F -
Cauchy if for each x € M , there exists a positive integer
m=m(e) so that the set

{keN:|d(x,€))-d(x,C,)| =€} € 7, forallpzm. (4)
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Definition 10 [10]. Suppose (#,d) is a separable metric
space and {%,}, € is nonempty closed subsets of .Z. A
sequence {&,} is known as Wijsman #* -convergent to
€ if and only if 3P € F(.f) and P={p=(p;<p;,;,j€ N)}
C N in such a manner that

lim d(x, €, ) = d(x, €), forevery x € /. (5)

k—o0

One writes 73, — klim €, =%6.
—00

Definition 11 [10]. Suppose (#,d) is a separable metric
space and 7 is an admissible ideal. A sequence {%,} of
nonempty closed subsets of .# is known as the Wijsman
J* —Cauchy sequence if there exists P € #(7), where P =

{p=(p;<pjs1»i€N)} in such a way that subsequence
©p={%, } is Wijsman Cauchy in ./, ie,

Jim 1d(x%,,) - d(x, "%)' 0. (6)

Remark 12 [10]. In general, the Wijsman topology is not
first-countable, if sequence of nonempty sets {@,} is
Wijsman convergent to set @, then every subsequence
of {&,} may not be convergent to %. Every subsequence of
the convergent sequence {%,} converges to the same limit
provided that . is a separable metric space.

Definition 13 [17]. Let ./ be a nonempty set, 7 and ¢ be fuzzy
sets on .//* x (0,00), * be a continuous t-norm, and ¢ be a
continuous ¢ -conorm. Then, the five-tuple (A, 3, p,*,0) is
known as an intuitionistic fuzzy metric space (for short,
IFMS) if it fulfills the subsequent conditions for all s, >0
and for every y,z,w € :

@) n(y,z,5) +@(y,2,5) < 1,

(®) n(y,2z,5) >0,

(©) #(y,z,s)=1ifand only if y =z,
(d) n(y, z,5) =n(z y:5),

(e) n(y,z,s) *n(z,w, t) <y(y, w, s+ 1),

() #(y, z,.): (0,00) — 0, 1] is continuous,
@® 902
(h) o(y 2,
©) ¢ 2.5) =9(2..9),

(G) o0, z,5)09(z, w, t) = (¥, w, s + t),
(k) ¢(»,.): (0,00) — 0,1] is continuous.

<1,
=0ifandonlyify =2,

s)
s)
s)
s)

In such situation, (7, ¢) is called the intuitionistic fuzzy
metric (briefly, IFM).

Example 14 [17]. Suppose (.#,d) is a metric space. Define
cod=min (c+d,1) and c*d=cd for all ¢,d€|0,1], and
suppose # and ¢ are fuzzy sets on .* x (0,00) defined as
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N

s+d(y,z)

Wz = 2D (g

n02) = s+d(y,z)

Then (M, 1, p,*,0) is an IEMS.

Definition 15 [18]. Let (M, 7, ¢,*,0) be an IEFMS and & be a
nonempty subset of .. For all s >0 and x € ./, we define

1n(x, G, s) =sup {n(x,y,s): y€ €} (8)

and

@(x, 6, s) =inf {@(x,y,s): y € €}, 9)

where 11(x, €, s) and ¢(x, G, s) are the degree of nearness and
nonnearness of x to € at s, respectively.

Saadati and Park [18] studied the notion of convergence
sequence with respect to IFMS which are defined as follows:

Definition 16 [18]. Let (M, 1, ¢,*,0) be an IFMS. A sequence
x = (x;.) is convergent to & if for any 0 < € < 0 and s > 0 there
exists k, € N in such a way that

(%8 5) > 1 —eand @(x;, &, 5) < eforallk>k,.  (10)

Definition 17 [20]. An IFMS (M, 1, ¢,*,0) is known as sepa-
rable if it contains a countable dense subset, i.e., there is a
countable set {x, } along with subsequent property: for any
s> 0 and for all £ € /, there is at least one x,, in order that

#(x,,&5)=1—-eandg(x,,&,s) < e foreach e € (0, 1).

(11)

3. Wijsman 7 and #“—convergence in IFMS

Throughout this section, we denote # to be the admissible
ideal in IN. We begin with the following definitions as follows.

Definition 18. Let (M, n, ¢,*,0) be an IFMS. A sequence of
sets {C,} is said be Wijsman convergent to % if for every
€>0 and s> 0 there exists k, € N such that

lim #(x, Cy, s) =1(x, 6, s) and lim ¢(x, Cy, s)
k—00 k—o0 (12)
=¢(x,C,s)forallk > k.

The set of all Wijsman limit point of the sequence {& } is
denoted by Ly ;.

Definition 19. Let (M,n, @,*,0) be an IFMS and 7 be a
proper ideal in IN. A sequence {&,} of nonempty closed
subsets of ./ is known as Wijsman _# —convergent to € with
respect to IFM (1, ), if for every 0 < € < 1, for each x € ./
and for all s > 0 such that

{keN: |y(x, G s) —n(x, 6, 5)|

(13)
<l-eor | o(x, G, ) — @(x, G, 5)|[z€} € 7.

We write (17, 9) — Fw — I}Lrgo%k =%.

Example 20. Suppose (M, 1, ¢,*,0) is an IFMS and &, {6, }
is nonempty closed subsets of .#. Assume ./ = R* and {&,}
are sequence defined by

1
xy) e R*:0<x<k0<y< - .x ifk+n
%, - (%) y<q

(x,y)EIRZ:XZO,y=1,ifk=n2,
€={(xy)eR*:x>0,y=0}.
(14)

Since

Tim 2 l{n <k ((6), 6105) = 1((57), 6.9)
<1 eor | p((x,9), G 5) ~ 9((5,), 6, ) l2e}| =0.
(15)

Therefore, the sequence of sets { % } is Wijsman statistical
convergent to the set 6.
Now, define the set S as

S(e) ={keN: In((x.y), € s) = n((x.7), €, )l
<l-eor | 9((x,y), ) 5) —@((x, 7). €, 5)|2€}.
(16)

If we assume = 7, then the Wijsman statistical con-
vergence coincides with the Wijsman ideal convergence.
Therefore,

{keN:In((x, ), € 5) = 1((x7), €>9)l
<l-eor |9((x,7), Cp>5) — (%)), €>5)l2€}  (17)
={keN:k=n’}c g,

Definition 21. Let (M, 1, ¢,#,0) be a separable IFMS and _# be
an admissible ideal in IN. A sequence {%,} of nonempty
closed subsets of ./ is known as Wijsman _#-Cauchy with
respect to IEM (1, ¢), if for each 0 < e <1, for each x € #
and for all s> 0,3 I=1I(e) such that

{keN: |n(x, C,s) —n(x, €}, s)l (18)
<l-eor |@(x, G s)—@(x, 6 t)|=e} € 7.

Definition 22. Let (M, n, ¢,%,0) be a separable IFMS and
{®} be any nonempty closed subset of .. The sequence
{®,} is known as Wijsman #*-Cauchy with respect to [FM
(1, @), if there exists P={p = (p;): p; <pj,;»j € N} CIN and
P e F(7) with the result that the subsequence € ={%,, }
is Wijsman Cauchy in ./, i.e.



k’lliinoom(x, %pk,s) —n(x, ‘Z?pl,s>| =1 (19)
and
k}lillioolgo(x, €, s) - go(x, €, s) |=0. (20)

Definition 23. Let (M, 1, ,*,0) be a separable IFMS and _# be
an proper ideal in N. Let {&} be nonempty closed subsets of
M. The sequence {%,} is known as Wijsman " -conver-
gent to € with respect to (1, ¢), if there exists P € F( 7),
where P={p=(p;): p; <pj,;»j € N} ¢ N such that for each
s> 0, we have

kli_)rgloq(x, %pk,s) =7(x,6,s), (21)
and
kILnC}OQD (x, Gy s) =9(x, G, s). (22)

In such case, we write (1, ¢) — 75, — lim&), = 6.

In the following theorem, we prove that every Wijsman
J—convergent implies the Wijsman #-Cauchy condition
in IFMS:

Theorem 24. Let (M, 1, ¢,%,0) be a separable IFMS and let

F be an arbitrary admissible ideal. Then, every Wijsman

J—convergent sequence of closet sets {€,} is Wijsman § -

Cauchy with respect to IFM (1, ¢).

Proof. Suppose (11, ¢) — Fw — klim %, =%. Then, for every
—00

0<e<l, for all s>0 and x € X, the set

U(e,s) ={keN: |n(x, € s) —n(x, G, )l

(23)
<l -eor | @(x, E s) — @(x, €, s)|>€}

belongs to . Since 7 is an admissible ideal, then there
exists k, € N with the result that k, ¢ U(e,s). Now, sup-
pose that

V(e s)={keN:In(x, G s) —n(x, G5l
<(1-2e)or | @(x, Gy, ) — p(x, G, 5)|>2¢€}.
(24)

Considering the inequality

135 G 5) =13 B )| < (3 Gpo5) =1, B, )|

25
+|1(x, Byp5) —1(x, B, 5) (25)

>
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and

lp(x, G 5) = @ (%, G > 5) | < lp(x, G 5) = @(x, C, 5)]

(26)
+|p(x, G, 5) — 9(x, 6, 5)).

Observe that if k€ V(e,s), therefore
(%, G 5) = 1(x, G, 5)| + |11(x, By p 5) —1(x, B, )| < (1-2€),
(27)
and
lp(x, ) 5) = @(x, G, 5)| + (%, G, 5) — p(x, G, 5)| = 2€.
(28)

From another point of view, since k, ¢ U(e,s), we
obtain

[1(x, €y,»5) —1(x, G, 5)| > 1 - eand | (x, By, 5) —p(x, G, 5)| < €.
(29)

We achieve that

[1(x, B> 5) — (%, 6, 5)| < 1= €or|o(x, G, s) — (%, G, s)| = €.
(30)

Hence, k€ U(e,s). This implies that U(e,s) C V(e,s)
€ ¥ for every 0 < e <1 and for all s>0 and x € /. There-
fore, V(e,s)e 7, so the sequence is {%,} which is
Wijsman _#-Cauchy.

Theorem 25. Let (M, 1, p,%,) be a separable IFMS and let §
be an admissible ideal. Then, every Wijsman JF*-Cauchy
sequence of closed sets is Wijsman F-Cauchy.

Proof. Suppose that sequence {&} is Wijsman #*-Cauchy

with respect to IFM (7, ¢). Then, for each x € # and for
each 0 < € <1, there exists P € #(7), where P={(p)): p; <

PiJ€ IN} in such a way that
‘n(x,‘[gpk,s) —q(x,‘[?pl,s)) <l-g (31)
and

‘(p(x, %pk,s) - (p(x, €, s) ’ > €,
Vk, 1> ky=ky(€).

(32)

Suppose N = N(€) =p; .. Therefore, for each € >0, one
obtains

’n(x, (ng’s> -n(x, Gy 5)| <1 -6 (33)
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and
‘(p(x, €, s) - ¢(x, By, s)| = eforallk > k. (34)

Now, suppose that K =N\ P. Clearly, K € # and

Q(e,5) ={k e N|#5(x, B s) —n(x, Ey>s)| <1
—eor|p(x, € s) — @(x, By 9)l
>eCcKU {pl,pz, --~,pk0} ef.
(35)

Hence, for all s >0 and for each 0 < € < 1, one can deter-
mine N = N(e) so that Q(e, s) € 7, that is, sequence {€ } is
Wijsman _#-Cauchy.

Theorem 26. Let 7 be an admissible ideal including property
(AP) and (M, 1, ¢,,0) be a separable IFMS. Then, the notion
of Wijsman J*-Cauchy sequence of sets coincides with
Wijsman § -Cauchy with respect to (1, ¢) and vice-versa.

Proof. The direct part is already proven in Theorem 25.

Now, suppose that sequence {%,} is Wijsman #-
Cauchy sequence with respect to IFM (7, ¢). Then by defini-
tion, if for every 0 < e <1, for each x € X and for all s> 0,
there exists a m = m(e) such that

B(e,s) = {k € Nin(x, Gy 5) ~1(x,,.9)
<l-eor|p(x, € s)—@(x,6,,s)| =€} el.
(36)

Now, suppose that

Pi(es) = {k € ]N'q(x, Cr>S) — 11(x, G » s) ‘
>1- % or | (x, 6 s) —(p(x, %mj,5)|<;},
(37)

where m; =m(1/j),j=1,2,3, ---. Obviously, for j=1,2,3 -+,

P,(e,s) € #(.f). Using Lemma 6, there exists P C N so that
Pe Z(f7)and P\ P, are finite for all j.
Now, we prove that

kllim 11n(x, € 5) —n(x, €)= 1, (38)
and
lim |p(x, €, s) — @(x, €, 5)| =0. (39)
k=00

To show the above equations, let € >0, and r € N such
that > 2/e. If k,1 € P, then P\P]- is a finite set; therefore,

there exists w = w(r) in order that

5
1
(%, Gro5) =1 (%, G s) | > 1~ o
(40)
1
fn(x, Gps) —n(x %l,’5)| >1-— -
and
’(p(x, G 5) = 9(x, %L,s)} <,
(41)

|9(x, €L s) — (. %),s) | <

>

Nl N =

for all k, I > w(r). Then, the above inequalities follow that for
k,1>w(r)

n(x, € s) —n(x, €p, 5)| < |11(x, Cr> ) — n(x, @), s) |

+|11(x,‘€l,s)—11(x,“6lr,s)|> (I—D + (1—i) >1-g¢,

(42)

and

906 G1o5) =96 15)| < |95 Gro5) = 9 (%55

1 1
+ go(x,%,,s)—(p<x,‘€lj,s)‘ <-to<e

(43)

Therefore, for each € >0, 3w =w(e) and k, Il € P € F(I),
we achieve

{k e N : |5(x, G, 5) —5(x, €}, 5)|<1 (44)
—eor |@(x, Cps) —@(x, 6),5)|=€} € 7.

This proves that the sequence {&,} is a Wijsman #*-
Cauchy.

Theorem 27. Let (M, 1, ¢,*,0) be a separable IFMS and let 7
be an admissible ideal. Then

(1 9) = Fy — lim &, =€ (45)
implies that sequence {€,.} is a Wijsman #-Cauchy sequence
with respect to IFM (1, ¢).

Proof. Suppose that (n,¢)— 73, —lim,_ G, =%. Then,

there exists P={p=(p;): p; <pj.1»j€ N} CN with Pe F
(F) so that €p={¥, }

lim r](x, €, s) =n(x, 6, ), (46)

k—00



and
lim ¢ (x, @, s) =¢(x,%,s), (47)

for any €>0 and k,I> k.
Suppose r € N and € > 0 in such a way that r > 2/e. If k,
l€P, then P\ P; is a finite set; therefore, there exists k(r) =

k so that
'q(x, %Pk,s) - q(x, %P:’SN < ‘n(x, %Pk,s) - (%, G, s)‘

+ }n(x,‘?gpl,s) —n(x,%,s)‘ > (1 - i) + (1 - 1) >1-¢
(48)
and
’(p(x, %pk,s> —(p(x, %pl,s)’ < ‘(p(x, %”pk,s) - ¢(x, %,s)’

1 1
+ ‘(p(x,%l,l,s) —(p(x,%,s)’ <-—+-<e.
r

r

(49)
Therefore,

() sy
and

o5y -o(s 0

Hence, sequence {%,} is Wijsman #-Cauchy with
respect to IEM (7, ¢).

4. Wijsman _7—cluster points and Wijsman 7—
limit points in IFMS

Throughout this section, we denote 7 to be the proper ideal

in IN and define Wijsman _#-cluster and #-limit points of

the sequence of sets in intuitionistic fuzzy metric space and
obtain some results.

Definition 28. Let (M, 1, ¢,*,0) be a separable IFMS. An ele-
ment € € # is known as the Wijsman _# -cluster point of
{®,} if and only if for any x € . and for all €, s > 0, one has

{keN: |n(x, Gy s) —5(x, 6, s)| < 1
—eor|p(x, G s) —@(x,6,s)| > e} ¢ 7.

We denote 719 (I (%)) as the collection of all Wijsman
J-cluster points.

Definition 29. Let (M, 1, ¢,*,) be a separable IFMS. An ele-
ment € €./ is known as Wijsman #-limit point of
sequence {&,} of nonempty closed subsets of .# provided
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that P={p=(p;): p; <pj;1»j € N} C N in such a way that P
¢ 7, and for any x € / and s > 0, we obtain
lim #(x, €}, s) =n(x, €, s) and lim @(x, G}, s) = ¢(x, 6, s).
k—o00 k—o0
(53)

We denote 7 (WW) (Agg,}) as the collection of all Wijsman
JZ-limit points.

Theorem 30. Let (A, 17, ¢,,0) be a separable IFMS. Then, for
any sequence sets, {€, } C M, f(WW) (Agy) € j(w"’(p) (Tg)-

Proof. Suppose € € j(wy”@ (Agg,})- Then, there exists P=

{p) <p,<--} <N such that P={p=(p): p;<pj,j €N}
¢ 7 and for all s>0 and x € ., we have

]}Lrgon (x, ©p,» s) =n(x, 6,s), (54)
and
klingogo (x, ?gpk, 5) =¢(x,6,s). (55)

According to Equations (54) and (55), there exists
ky €N so that for each €>0 and for any x€X and k
>k,

(6 By05) (x5 > 1€, (56)
and
9 (% 6p05) —0(x.6.9)| <. (57)
Hence,

{kelN : Ir]<x, %Pk,s> -(x, 6, s)|>1

— e,|¢(x, %pk,s) -¢(x, 6, s)|<e} 2 {P\pl,pl, ,'pko}.
(58)

Then, the right-hand side of (58) does not belong to
F, and then

{ke N: ‘r](x, %pk,s) -3(x, %,s)‘ >1

(59)
(p(x, %Pk,s) -¢(x, 6, s)‘ < e} ¢ .7,

- €,

which means that & ¢ f&"”) (T'ig,3)-

Theorem 31. Let (M, 1, ¢,%,0) be a separable IFMS. Then,
for any sequence {€,} C M, j(‘,vm(P)(F{%k}) CLig,)-
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Proof. Let € € F (WW> (I'(%,})- Then, for each € >0 and for all
s> 0 and for each x € #, one has

{keN: |n(x, G, s) —5(x, 6, s)| < 1

(60)
—eor|p(x, G s) —@(x,6,s)| > e} ¢ 7.

Suppose

Q= {kG]N D% Gl s) —n(x, 6,5)| > 1

1 1 (61)
- 2 lp(6 o) 9l B9 < ¢

for k € N. {Q,};2, is a descending sequence of subsets of IN.
Hence, Q= {k=(k;): k; <k;,;,i € N} ¢ 7 so that

klim (%, Gy, s) =1(x, 6. s), (62)
and
klim go(x, @ s) =¢(x, 6,3), (63)

which means that € € L4 ;.
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